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Abstract 

One feature of the chiral anomaly, analyzed in a perturbative framework, is the appearance 
of massless poles which account for it. They are identified by a spectral analysis and are usually 
interpreted as being of an infrared origin. Recent investigations show that their presence is not 
just confined in the infrared, but that they appear in the effective action under the most general 
kinematical conditions, even if they decouple in the infrared. Further studies reveal that they 
are responsible for the non-unitary behaviour of these theories in the ultraviolet (UV) region. 
We extend this analysis to the case of the conformal anomaly, showing that the effective action 
describing the interaction of gauge fields with gravity is characterized by anomaly poles that give 
the entire anomaly and are decoupled in the infrared (IR), in complete analogy with the chiral case. 
This complements a related analysis by Giannotti and Mottola on the trace anomaly in gravity, in 
which an anomaly pole has been identified in the corresponding correlator using dispersion theory 
in the IR. Our extension is based on an exact computation of the off-shell correlation function 
involving an energy-momentum tensor and two vector currents (the gauge-gauge-graviton vertex) 
which is responsible for the appearance of the anomaly. 
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1 Introduction 



In the case of chiral (and anomalous) gauge theories, the corresponding anomalous Ward identities, 
which are at the core of the quantum formulation of these theories, have a natural and obvious solution, 
which can be written down quite straightforwardly, in terms of anomaly poles. This takes place even 
before that any direct computation of the anomaly diagram allows to really identify the presence (or 
the absence) of such contributions in the explicit expression of an anomalous correlator of the type 
AW (A= Axial- Vector, V= Vector) or AAA. 

To state it simply, the pole appears by solving the anomalous Ward identity for the corresponding 
amplitude A'^^'^{ki, ^2) (we use momenta as in Fig. [T]with k = ki + /C2) 

A;AA^^^(A;i,A;2) = a„e'^'^°^A;i,A;2/3 (1) 
rather trivially, using the longitudinal tensor structure 

A^^'^ ^WL = an^ f kia k2p. (2) 

In the expression above an = — i/27r^ denotes the anomaly. The presence of this tensor structure with 
a l/Zc^ behaviour is the signature of the anomaly. This result holds for an AVV graph, but can be 
trivially generalized to more general anomaly graphs, such as AAA graphs, by adding poles in the 
invariants of the remaining lines, i.e. \/k\ and l/fcg 



^aaa(^'^1'^2) = ^ {^k^ ^[^J',^,kl,k2] + ^ fcf e[A,i/, A;, A;2] + '^k^ e[\, ^,k,ki]j 



(3) 



imposing an equal distribution of the anomaly on the three axial-vector legs of the graph. 

The same Ward identity can be formulated also as a variational equation. The simplest case is 
that of a theory describing a single anomalous gauge boson B with a Lagrangian 

CB=^{i^ ^5)^-1^1, (4) 

whose anomalous gauge variation {5B^ = O^Ob) 

S^B = I d^xOBix) Fb a Fb (5) 

can be reproduced by the nonlocal action 

TpoZe = {dB{x)U-\x - y)FB{y) A ^^(y)). (6) 

Given a solution of a variational equation, here simplified by Eqs. ([5]) and ([6]), it is mandatory to 
check whether the !/□ (nonlocal) solution is indeed justified by a perturbative computation. The 
analysis shows that the kinematical configuration responsible for the appearance of the pole can be 
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Figure 1: Triangle diagram and momentum conventions for an AVV correlator. 




(a) 



(b) 



Figure 2: The amplitude A'^^'^(fci, fc2) shown in a) for the kinematical configuration kf 
the polar form depicted in b) and given by Eq. ([2|. 



^2 



reduces to 



depicted as in Fig. [2l In this graph containing the mixing of a spin 1 with a spin 0, the anomalous 
gauge current couples to the two photons via an intermediate massless state which can be interpreted 
as describing a collinear fermion-antifermion pair (a pseudoscalar composite state) coupled to the two 
on-shell photons (see also the discussion in [T]). The anomaly graph is characterized, in this limit, by 
a nonzero spectral density proportional to <5(fc^) [2]. This kinematical configuration, in which the two 
photons are on-shell and the fermions are massless, is entirely described by the anomaly pole, which 
has a clear IR interpretation [^. The IR coupling of the pole present in the correlator is, in this case, 
rather obvious since the limit 

lim A^""" = k^ane^"'''^ kiak20 (7) 

allows to attribute to this amplitude a non-vanishing residue. 

The infrared analysis sketched above is well suited for the identification of anomaly poles which 
have a rather clear interpretation in this region, but does not allow to identify other similar pole terms 
which might emerge in far more general kinematical configurations. In ^ we have shown that only 
a complete and explicit computation of the anomalous effective action allows the identification of the 
extra anomaly poles present in an AVV correlator, that otherwise would escape detection. These have 
been identifieqj using a special representation of the anomaly amplitude developed in [Sj |6j (that we 
have called the "Longitudinal/Transverse" or L/T parameterization), based on the general solution 

single pole term for an AVV and 3 pole terms for an AAA diagram. 



A 
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Figure 3: A "two-triangles" anomaly amplitude in the s-channel which is pole-dominated. In this case we have 
assumed A to be a non- anomalous gauge boson while B is anomalous. 



of an anomalous Ward identity. This parameterization takes the form 



where the longitudinal component (Wl) has a pole contribution [wl = — 4z/s) plus mass corrections 
[T) computed in [3] 

W^^^''' = {wL-T{m,s,si,S2)) z^, fci, fca] (9) 



with 



T{m,s,si,S2) = Co(s,si,S2,"i ). (10) 



vr^ s 



The transverse form factors appearing in Wt contribute homogeneously to the anomalous Ward iden- 
tity. They have been given in the most general case in [4j. 

Obviously, some doubts concerning the correctness of this parameterization may easily arise, es- 
pecially if one is accustomed to look for anomaly poles using a standard infrared analysis. It is even 
more so if a pole term of the type shown in Eq. Q is explicitly present for generic virtualities si and 
S2 of the photons. For this reason and to dissolve any possible doubt, a direct computation shows 
that the L/T representation is, indeed, completely equivalent to the Rosenberg parameterization [7] of 
the anomaly graph, even though no poles come to the surface when using this alternative description 
of the anomaly graph. In [4] one can find an extension of the same parameterization to the massive 
fermion case, which is indeed given in Eqs. ([9]) and (jlOp . Finally, we have shown that the pole, under 
general kinematic conditions, is indeed decoupled in the IR. Obviously, at this stage, one needs to 
worry about the precise meaning of this pole, which is explicitly present in some parameterizations, 
but it is not generated by some special infrared kinematics and as such it does not have a clear IR 
interpretation. 



2 Pole- dominated amplitudes 

A useful device to investigate the meaning of these new anomaly poles [8] is provided by a class of 
amplitudes [9] which connect initial and final state via anomaly amplitudes, one example of them 
being shown in Fig. Q. These amplitudes are unitarily unbound in the UV [TDj. This property 
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of theirs can be easily derived by considering the scattering of massless spin-1 fields coupled via a 
longitudinal exchange of an anomalous gauge boson. The amplitude in the s-channel is shown in 
Fig. [3l In the case of scattering of massless gauge bosons the (IR) pole of Eq. ([2|) saturates each of 
the two subamplitudes (i.e. for m = si = S2 = 0). This is an obvious manifestation of the fact that 
an anomaly pole has dangerous effects in the UV due to the broken Ward identity. This behaviour is 
retained also under general kinematics, for instance in the scattering of massive gauge bosons, when 
each of the two triangle subdiagrams of Fig. ^ takes the more general form given by Eqs. ([8]), ([9]). 
Interestingly enough, if we subtract the pole component contained in wl the quadratic growth of the 
amplitude disappears [5. Therefore the manifestation of the anomaly and the breaking of unitarity 
in the UV, in this special kinematical configuration, is necessarily attributed to the wl component, 
even if it is decoupled in the IR. After the subtraction, the Ward identity used in the computation of 
the amplitude remains broken, but it is not anomalous. The apparent breaking of unitarity in the UV 
is not ameliorated by a more complete analysis of this S-matrix amplitude involving the Higgs sector, 
since a massless fermion in each of the two anomaly loops would not allow the exchange of a Higgs in 
the s-channel but the corresponding amplitude would still share the same asymptotic behaviour found 
for a massive fermion. 

The only possible conclusion extrapolated from this example is that amplitudes which are domi- 
nated by anomaly poles in the UV region demonstrate the inconsistency of an anomalous theory, as 
expected by common lore. We conclude that unitarity provides a hint on the UV significance of the 
anomaly poles of the anomaly graphs surfacing in the L/T parameterization, poles which are absent in 
the usual IR analysis. This does not necessarily exclude a possible (indirect) role played by these con- 
tributions in the IR region, nevertheless they do not appear to be artifact generated by the Schouten 
relation. 

The formal solution of the Ward identity [5] that takes to the L/T parameterization and to the 
isolation of an anomaly pole is indeed in agreement with what found in a direct computation. As 
shown in [3] one has just to be careful in computing the residue of this parameterization in the IR, 
where the decoupling of these poles occurs, but it is, for the rest, easy to check. As k'^ is nonzero 
the separation into longitudinal and transverse contributions is indeed well defined and equivalent to 
Rosenberg's result [1]. These results, as we are going to show, emerge also from the perturbative 
analysis of the effective action for the conformal anomaly and are likely to correspond to a generic 
feature of other manifestations of the anomalies in field theory. 

^ We ignore at this point the meaning of this subtraction in the IR. This point is rather delicate and has been discussed 
in [3] and brings to open ended conclusions concerning the meaning of a "pole subtraction" scheme. 
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3 The complete anomalous effective action and its expansions in the 
chiral case 



The point made in [4] is that the anomaly is always completely given hy wl, under any kinematical 
conditions, while the mass corrections (generated, for instance, by spontaneous symmetry breaking) 
are clearly (and separately) identifiable as extra terms which contribute to the broken anomalous 
Ward identity satisfied by the correlator. It is important that these two sources of breaking of the 
gauge symmetry (anomalous and spontaneous) be thought of as having both an independent status. 
For this reason one can provide several organizations of the effective actions of anomalous theories, 
with similarities that cover both the case of the chiral anomaly and of the conformal anomaly, as we 
will discuss next. 

The complete effective action, in the chiral case, can be given in several forms. The simplest, valid 
for any energy range, is the full one 

r(3)=r(l + f(3) (11) 

with the pole part given by ([6]) and the remainder ( f '•^•*) given by a complicated nonlocal expression 
which contributes homogeneously to the Ward identity of the anomaly graph 

f(=^) = ld^xd'yd^zd-B{z)FB{x)AFB{y) J "^-^^^ e-'^^<--^^-'^^<y-^^ H^kiMM 

j d'xd'yd^zB^{z)B,{x)B,{y) j W^^^K k^M.m). 

(12) 

The expressions of these form factors can be found in This (rather formal) expression is an exact 
result, but becomes more manageable if expanded in the fermion mass (in 1/m or in m) (see for 
example [ID US]). 

For instance, let's consider the 1/m case. One of the shortcomings of this expansion, as we are 
going to argue next, is that it does not do full justice of the presence of massless degrees of freedom in 
the theory (anomaly poles do not appear explicitly in this expansion) which, as discussed in [1] might 
instead be of physical significance since they are not connected to any scale. 

A second expansion of the effective action Eq. (jl2p can be given for a small mass m (in m? / s). In 
this formulation the action is organized in the form of a pole contribution plus 0{m? / s) corrections. In 
this case it is not suitable to describe the heavy fermion limit, but the massless pseudoscalar degrees 
of freedom introduced by the anomaly in the effective theory can be clearly identified from it. As 
discussed in [H [TOl [T3] these are: one axion and one ghost. This expansion gives (s < 0) 

WL = ^log :^]+0{m^) (13) 

which has a smooth massless limit. It seems to us that this form of the effective action is the most 
suitable for the study of the UV behaviour of an anomalous theory, in the search of a possible UV 
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completion. Notice that the massless hmit of this action reflects (correctly) the pole-dominance present 
in the theory in the UV region of s — > oo, since the mass corrections are suppressed by m? / . 

4 The conformal anomaly case 

While this intriguing pattern of pole dominance in the UV and of decoupling in the IR (for massive or 
off-shell correlators) is uncovered only after a complete perturbative analysis of the general anomaly 
graph, it is not just a property of the chiral case. As we are going to show, a similar behaviour is 
typical of the conformal anomaly. We summarize the results of our analysis, details will be given 
elsewhere |14j . 

In a recent work [1] Mottola and Giannotti have shown that the diagrams responsible for the 
generation of the conformal anomaly contain an anomaly pole. In their analysis they classify the form 
factors of the correlator which is responsible for the conformal anomaly graph, which is the photon- 
photon-graviton vertex, or TJ J correlator, involving the vector current (J) and the energy-momentum 
tensor (T). The authors use a Ward identity that enforces conservation of the energy-momentum tensor 
to fix the correlator, which can also be fixed by imposing the general form of the trace anomaly in 
the massive fermion case. Their analysis shows conclusively that anomaly poles can be extracted in 
the IR using dispersion theory, similarly to the chiral case. This point had also been noticed in [15] 
in the study of the Ward identity of the correlators describing the trace anomaly at zero momentum 
transfer. 

The identification of these contributions is relevant for establishing the correct expression of the 
gauge related terms in the gravitational effective action. The spectral analysis of [1] proves that 
variational solutions of the trace anomaly equation that will be given below in Eq. (jlSp . indeed, 
correctly account at least for some of the contributions to the effective action of these theories. Mass- 
dependent corrections and other traceless terms which are not part of the anomaly, of course, are not 
identified by this solution. 

We recall that the gravitational trace anomaly in 4 spacetime dimensions generated by quantum 
effects in a classical gravitational and electromagnetic background is given by the expression 

r/^ = -- h^hC"^ + 2b'{E - -UR) + 2cF'^ 

where the b and b' and c are parameters. denotes the Weyl tensor squared and E is the Euler 
density given by 

= Cx^upC^^'''' = Rxf..pR^^'''-2R^,R^''' + ^, (15) 
E = *Rx^,p*R^^'''P = Rx^,pR^>'''P-AR^,R^'' + R^. (16) 

For a single fermion in the theory we have that b = l/3207r^, and b' = — ll/57607r^ and c = — e^/247r^. 
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(a) 




+ exch. + 



(b) 




I -'I + exch. 



Figure 4: The complete one-loop vertex Y^'^°'^ in a) obtained as the sum of two IPI contributions in h) and c) 
and of their Bose symmetric diagrams. 



The effective action, in this approach, is identified by solving the variational equation by inspection, 
similarly to what we have discussed in the previous section in the case of the chiral anomaly. In this 
case the equation takes the form 

9 Ar 

(17) 



2 5r 



The solution of this variational equation is well known and is given by the nonlocal expression [16 



2bC^ + b' ( E- -aRj + 2cFf,^F''^ 



(18) 



The notation G4{x,x') denotes the Green's function of the differential operator defined by 

A4 = (vf^V + 2R^"' - Irq'"'^ Vu = a^ + 2R'"'V^,V^ + ^(V^i?)V^, - '^RB (19) 

and requires some boundary conditions to be specified. The nonlocal action shows the presence of a 
massless pole in the linearized limit [1] 



Sanom[g,A] = j d^X^ j d^x'^/^R^^^ B^^^, [F,^F"^],, 

valid for a weak gravitational field {g^^ = r/^,y + nh^^, = IGttG). In this case 
Eq. (f20|) can be reproduced by a perturbative analysis. 



(20) 



(21) 
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5 The TJJ correlator 



To clarify this point we consider the hnearized expression of the gauge contribution to the gravitational 
effective action which is given by 

Stjj= [ d^xd^yd''zT^'''"f{x,y,z)A^{x)Ap{y)h^,{z), (22) 



with r^^°^(x, y, z) being the expression of the correlator of two gauge currents with an extra insertion 
of the energy-momentum tensor (see Fig. U]) at nonzero momentum transfer. We discuss the QED 
case. We recall that the coupling to gravity of QED, in the weak field limit, is described by the total 
energy-momentum tensor via an interaction of the form h^yT^^^ where 

rpliV _ rplJ.U . rjiflU . rpfj,l/ ( 

— ''^Dirac'^ '''int ~^ ^e.m.- 

In this case, specifically, one has 

T^lac = -ii^l^^d'^^p + g^^ii^pJ^dxi^-rmP^), (24) 

TZ = -eJ^^'A''^ + eg^''J^Ax, (25) 

T^m. = F'^'F^-^g'^'^F^PF^,, (26) 
where the current is given by 

j'^{x) = v;(x)7^V(2;) . (27) 

We have introduced some standard notation for the symmetrization of the tensor indices and left-right 
derivatives H^t""^ = {Ht"" + H"'')/! and = (d/,- di,)/2. 

The amplitude present in Eq. (p2]) can be expanded in a specific base given by 

13 

T^-^»P{p,q) = Y,ms;suS2,m') tr^{p,q), (28) 

i=l 

where the 13 invariant amplitudes Fi are functions of the kinematical invariants s = k"^ = {p + qf', 
si=p'^, S2 = and of the internal mass m. In [1] the authors use the Feynman parameterization 
and momentum shifts in order to identify the expressions of these amplitudes in terms of parametric 
integrals. This was also the approach followed by Rosenberg in his original identification of the 6 
invariant amplitudes of the AVV anomaly diagra The list of amplitudes Fi can be found in [T] 
together with the expressions of the tensors tf'^°'^ {p,q). The number of these form factors reduces 
from 13 to 3 in the case of on-shell photons, as shown long ago by Berends and Gastmans [T7]. For 
our purposes, the only amplitudes contributing to the trace anomaly in the massive fermion case come 
from the tensors t^''"^ and ti^'^"^ . They are given by 

= {k^gi"' -k^'k^)u'^^{p,q), (29) 
tf"^ = {k^g^''' -k^'k^)w'^^{p,q), (30) 



''The explicit expression of the Rosenberg's integrals have been given in 0] 
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where 



w°^^{p, q) = p^q^g'^^ + {p ■ q)p'^q^ — q^p'^p^ — p^q'^q^ . 



(31) 



The identification of an anomaly pole which is not of clear IR origin requires an explicit computation 
of the effective action, which is rather involved in perturbation theory, but we omit details and just 
summarize the relevant results. We perform a computation with the kinematical constraint 51 = 52 = 
(i.e. two on-shell photons) and a massive fermion. We obtain 



Fi(s; 0, 0, rr?) = Fipoie + 



Co(s, 0, 0, 



3tt^ s"^ 3tt^ s 
where 

Flpole- ^3^2^ 

and the scalar three-point function Co(s, 0, 0, m^) is given by 

Co(.,0,0,m2) = llog2^, 
2s 03 — 1 



(32) 
(33) 

(34) 



with a3 = Y^l — Am? / s. The form factor F2-, which in general gives a nonzero contribution to the 
trace anomaly in the presence of mass terms, is multiplied by a tensor structure (t2) which vanishes 
when the two photons are on-shell. It is quite straightforward to figure out that the pole term (i^ipoie) 
given above corresponds to a contribution to the gravitational effective action of the form (|20p . with 
a linearized scalar curvature. Therefore, similarly to the case of the chiral anomaly, also in this case 
the anomaly is entirely given by -Fipoiej even in a configuration which is not obtained from a dispersive 
approach. The presence of mass corrections in ([32]) is not a source of confusion, since there is a clear 
separation between anomaly and non-conformal breakings of the conformal symmetry. 



5.1 Fi in the most generic case 

A similar result is found in the most general case. After defining 7 = s — si — S2 and a = — 2(si -|- 
•S2) s -|- (si — 82)^ we obtain 



Fi(s; si, S2, 



1 1 11 

e 7m e m S2^ 2\ r 2 . 1 1 a ^ 

Flpole + ^r^ h 7-^ y'D2{s,S2,m ) \s 4sis - 2s2S - Ss^ S2 + 4siS2 

37r^ sa 37r^ s cr^ 



2 2 
e m si 

3 TT^ s cr^ 



Vi{s, si,m^) [- {s -si)^ + 5sl - 4 (s + si) S2] 



2 2 

^ ^ \ Co(s, si, S2, m^) \(s - si) ^ - So + (3s + si) s, + (-3s^ - lOsis -|- s?) S2 - 4m^crl , 



(35) 



10 



where 



T>i = 'Di{s,Si,w? 



ai log 



Oj + 1 



a,; 



as log 



Am? 



(36) 



1 °a3-l. 

It is quite obvious from the most general expression of Fi that the massless pole, which accounts for 
the entire trace anomaly, is indeed part of the spectrum. The pole decouples in the infrared, as one 
can show after a detailed study of the entire correlation function Y^^°^^ (p, q) . 

There is something to learn from perturbation theory: anomaly poles are not just associated to 
the collinear fermion-antifermion limit of the amplitude, but are also present in other, completely 
different kinematical domains where the collinear kinematics is not allowed and are not detected using 
a dispersive approach. They are present in the off-shell effective action as they are in the on-shell 
ones. Proving their decoupling in the IR requires a complete analysis of the anomalous contributions 
to the effective action, along the lines of [1]. 



6 Lessons from the 1/m expansions 

One obvious question to ask is if the nonlocal structure of the poles, which accounts for the anomaly 
also in the case of the conformal anomaly, is not clearly visible in a given operatorial expansion in 
terms of higher-dimensional operators. This is indeed the case, for instance, if we decide to expand in 
1/m the form factor Fi. We obtain 

7g2 I g2^ Y f I \ 

Fi(g,0,0,m^) = 2 — + iQQ i« 2 — + Q — ' (37) 

135-lD7r^m^ 189 • lovr^ \mP J 

with no signature of the presence of non-decoupling contributions in the UV, which are scaleless and 
described entirely by the anomaly pole. Of course 1/m expansions are legitimate, but there is no 
apparent sign left in [37] of the presence of a massless contribution to the conformal anomaly, due to 
the universal appearance of a mass term. Another important observation is that the contributions 
to the trace of the energy-momentum tensor, which is relevant in the cosmological context [181 119j . 
are all dominated by the pole term at high energy, since mass corrections contained in Fi are clearly 
suppressed as m? / s. Obviously, Eq. (j37p differs systematically from the result obtained from the small 
m expansion, where the nonlocality of the effective action and the presence of a massless pseudoscalar 
exchange, as a result of the conformal anomaly, is instead quite evident. We obtain in this second case 



Fi(s,0,0,m2) = Fipoie + 



12 7r2 s2 



2 2 

log^ 2z7r log h vr^ 

s s 



+ 0(1) (38) 



where the anomalous form factor shows a massless pole beside some additional mass corrections. This 
is an expansion, as in the case of the chiral anomaly, which is also useful in the UV limit. It appears 
to be closer to the complete result even for a large fermion mass, since it keeps the two sources of 
breaking of the conformal symmetry separated. In this respect it would probably be of interest to see 
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whether the effects of superluminality [20] in a weak (external) gravitational field, found in the 1/m 
expansion of the effective action of [21j , have anything to share with the presence of massless poles in 
the effective description. 

7 Conclusions 

The presence of anomaly poles in perturbation theory appears to be an essential property of anomalous 
theories, even in the most general kinematical configurations of the anomalous correlators. We have 
reviewed previous work on the study of the anomaly poles of anomalous gauge currents, with the intent 
to show the similarities between chiral and conformal anomalies. Our explicit computation, in the case 
of the trace anomaly, shows that pole singularities appear also in non-collinear configurations of the 
corresponding anomaly graphs. As we have stressed, these poles are not identified by a spectral analysis 
but their existence should not be matter of controversy. Historically, the signature of the anomaly 
has been attributed to a pole in the anomalous correlator only in the IR region. Our conclusions, 
contained in a previous work, were that anomaly poles are instead generic, and not artifacts of a 
given parameterization or due to the presence of the Schouten relations. Here, building on more 
recent studies of the conformal anomaly in perturbation theory, we have shown that the perturbative 
signature of a conformal anomaly is, again, an anomaly pole and that the correlator responsible for the 
conformal anomaly has properties which are typical of the gauge anomaly. The pole, also in this case, 
can be coupled or decoupled in the IR, and raises significant questions concerning the significance and 
the implications of massless scalar degrees of freedom in gravity, recently addressed in [1] . In the case 
of anomalous chiral gauge theories similar issues [10] [1] have been raised concerning the significance of 
massless pseudoscalar degrees of freedom (gauged axions) and their correct interpretation in a simple 
field theory language. 
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